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Supplemental Appendix (SA)

SA.1 Variable Definitions

Let the variable definition list be given as follows:

c, = total real personal consumption expenditures in period k
C: = desired consumption, or target consumption, in period k
I = real gross private domestic investment in period k

I; = desired investment, or target investment, in period k

Yy = real gross national product in period k

G, = real government spending in period k

G: = desired government spending in period k

NX, = real net exports in period k
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the value of the consumption expenditure crystal for frequency j in
quarter k, where j = 1,...,5

the value of the private domestic investment crystal for frequency j in
quarter k, where j = 1,...,5

de.jk = the value of the government spending crystal for frequency j in quarter k,
where j = 1,....5

the value of the consumption modified smooth in quarter k, where J = 5

Scsk = target value for the modified smooth trend consumption, in period k
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the value of the investment modified smooth in quarter k, where J = 5
S target value for the modified smooth trend investment, in period k
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the value of the government spending modified smooth in quarter k,
whereJ = 5

SGS,k = target value for the modified smooth trend in government spending,
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in period k

Cik = the prevailing consumption expenditure at frequency j in quarter Kk,
which includes the sum of the consumption crystal and the
consumption modified smooth, where j = 1, ...,5

the target consumption expenditure at frequency range j in quarter k

O
=
|

ik = the prevailing private domestic investment at frequency j in quarter k,
which includes the sum of the investment crystal and the
investment modified smooth, where j = 1, ...,5

I ik = the target investment expenditure at frequency range j in quarter k
Gk = the prevailing government spending at frequency range j in quarter k,

which includes the sum of the government spending crystal and the
government purchases spending modified smooth, where j = 1, ...,5

G ik = the target government expenditure at frequency range j in quarter k
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ik = the current cycle trend government spending at frequency range j in

quarter k.
Tk = net government taxes and income in quarter k, which equals total
government tax and income minus total government transfer payments.
total government budget deficit in quarter k, which equals
government spending minus net government taxes
DEBTk = total government debt in quarter k

9, = average quarterly interest rate on government debt in quarter k
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ir, = 3-month (quarterly) nominal euro market interest rate in quarter k

ir,x = the prevailing 3-month (quarterly) euro market interest rate at frequency j
in quarter k, which includes the sum of the interest rate crystals and the
interest rate modified smooth, where j = 1, ...,5

I ik = the target investment expenditure at frequency range j in quarter k

Tk = rate of net tax (tax minus transfers) collection in quarter k
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SA.2 Model Estimation

The model procedure assumes that the economy would have some reaction to any
announced, consistent government policy regime. Since no such control policy has yet
been historically implemented, there was no past distinction between government
spending under the optimal control policy, and the spending trajectory along the current
cycle trajectory that reflects existing expectations. The rational reactions involving an
adjustment for government debt under the lack of any announced consistent policy are
zero, since there was no such policy against which to react. Thus, the lag of the current
government spending trend variable and the lag of government debt variables are not
included in equations (Al1l) and (A12). Instead, the values for these coefficients are
assigned and evaluated under different scenarios in control system policy simulations.

Tables SA1 — SA3 show that the estimated equations for all of the consumption,
investment, and government spending equations over each frequency range have a good
fit. All of the coefficients have the expected sign, and almost all of the coefficients are
statistically significant. The consumption equation coefficients in table SA1 show that
both investment and government spending have a crowding-in effect on consumption.
The investment coefficients in table SA2 show that consumption has a crowding-in
effect, but government spending has a crowing-out effect on investment. The
government spending coefficients in table 4 shows that the average quarterly growth rate
is close to .005 per quarter (about 2% per year) at all frequency ranges.

Table SA1
Estimated coefficients for C j « at each frequency (R? > 0.99 for all equations, j= 1, ..., 5)
: Coefficient | Coefficient | Coefficient | Coefficient
J Constant _ _ _ S
Cjk1 lj k-1 Gj k-1 irj k-1
1 42438.01 0.9322 0.1056 -0.0063 -1628.9254
t-statistic 3.445 14.306 2.145 -0.057 -3.903
2 45061.74 0.9140 0.1229 0.0199 -1730.7089
t-statistic 4.485 16.841 2.945 0.221 -5.126
3 48275.35 0.8815 0.1524 0.0704 -1744.7664
t-statistic 5.919 19.893 4.365 0.963 -6.472
4 30363.70 0.9943 0.0535 -0.0981 -975.7151
t-statistic 3.374 21.349 1.427 -1.311 -3.295
5 22607.80 1.0942 -0.0524 -0.2459 -459.4918
t-statistic 2.131 23.808 -1.345 -3.616 -1.210
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Table SA2
Estimated coefficients for | j « at each frequency (R? > 0.96 for all equations, j=1, ..., 5)
: Coefficient | Coefficient | Coefficient
J Constant j oo G\ .
j, k=1 j, k=1 j, k=1
1 38221.18 1.0296 -0.1074 -1708.0304
t-statistic 2.618 23.563 -1.863 -2.465
2 41403.18 1.0556 -0.1401 -2028.6926
t-statistic 3.718 31.213 -3.206 -3.851
3 36408.31 1.0384 -0.1128 -1656.9915
t-statistic 3.629 33.433 -3.005 -3.610
4 30481.04 1.0071 -0.0708 -989.9166
t-statistic 2.396 28.166 -1.701 -1.748
5 37241.97 1.0035 -0.0836 -1011.3181
t-statistic 2.371 29.703 -1.713 -1.282
Table SA3
Estimated coefficients for G j  « at each frequency
. Coefficient 9
J Gj.k-1 R
1 1.0037
t-statistic 3295.88 0.9999
2 1.0037
t-statistic 4507.06 0.9999
3 1.0037
t-statistic 4519.06 0.9999
4 1.0037
t-statistic 5082.43 0.9999
5 1.0036
t-statistic 4283.56 0.9999

Table SA4 gives the paths for the modified smooth trends after extracting the
crystals from all 5 frequency ranges for consumption, investment, government spending,
and the 3-month interest rate, as specified in equations (A19), (A20), (A21), and (A22),
respectively. The summation of the two coefficients in each of the equations forms a
weighted average trend growth rate. In consumption trend series equation, the coefficient
on the lagged value of the series is sc, 1 = 0.89, which is much larger than coefficient on
the lagged value of aggregate consumption, given by sc,» = 0.11. This pattern holds for
the investment and government spending modified smooth trend series, where the
coefficients on the lagged value of both series is over 0.8, while the coefficients on the
lagged aggregate investment and aggregate government spending are less than 0.2. All

three equations obtain a good fit, with statistically significant coefficients.
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Table SA4
Estimated coefficients for the modified smooth trend residuals for
Consumption, Investment, and Government Purchases at each frequency range

Sc,1 Sc,2 R*
Scs k 0.8927 0.1133
t-statistic 48.8170 6.2208 0.9999
Si,1 S1.2 R?2
S5k 0.8194 0.1861
t-statistic 37.5588 8.5257 0.9967
SG,1 SG,?2 R?
Sas 0.8609 0.1441
t-statistic 46.0681 7.7119 0.9997
Sir,1 Sir,2 R2
Sirs 0.7966 0.2202
t-statistic 22.1258 0.0415 0.9812

SA.3 State-Space Specification

We transform the LQ-tracking problem into a LQ-regulator problem using the
procedure in Crowley and Hudgins (2015), thus creating a state-space with 80 state
variables, 80 state equations, and 10 control variables. Although this transformation
creates a higher dimensional state-space, it greatly simplifies the subsequent solution
procedures for deterministic, stochastic, and H™- optimal control problems. This
conversion method is similar to that used in Hudgins and Na (2016). Although this is a
large scale system, the state-space construction procedures and the accompanying
MATLAB program that we have developed have proven to be efficient and feasible to
employ. This wavelet-based system framework can easily be adopted within the context
of larger base models, although the inclusion of the different frequency ranges would
substantially increase the size of the larger econometric models.

The present transformation uses the Crowley and Hudgins (2015) and Hudgins
and Na (2016) approach of embedding the constant terms within the state equations. The
80-dimensional state vector is defined as follows:

T
X, = [Xl,k s Xo ks X80,k] (SAL)

where

SA5



P.M. Crowley, D. Hudgins / Journal of Policy Modeling 39 (2017)

Xe = [Cpii CouiCaiiCaiiCo i Sesis Tuis Taw taw tai s i Sis s Cro
C;k 1CokiCakiCaiiCoiilikilakilanilakilsk ;Gf,k 1G5 iG3kiGakiGs
G ld,k G g,k G s?,k G z(lj,k e 5d,k +Sas Crid 3 Ok ;CZ;I;;GZ;NXk;Yk;

Ty DER G DEBT Gy 1365 k1363 113G k15 G5 k13
Gik-1761k-2:G2k-1762k-2:C3k-17C3k-2:C4 k-17Ca4k-2:Cs5 k-1 Cs k2
(Gy 17 G k—2) ™ (Gok_17Gok—2) "1 (B3 k1 7G3 _2) ™1 (Gy 1= Gy k—2) ™5
(Gsx1=Gsx_2)*; DEFy; DEBT, ;Scs iS5k iScsk

* . *x - . . . - -
Sirsk 1 Sirs ks W s Mg s 0 g3 W0 g5 gy g 0 5 gy
1= MW oM g =W ooy =W os Mg 1= Wy o551 = 5 o

; T
i _,]

Define the control vector so that the first five elements are difference between the actual
and targeted level of government spending and the last five elements are the tracking
errors for the short-term market interest rate at each frequency range:

.
Ug = [Uel,k;uez,k;“Gs,k;ue4,k;Ues,k|uir1,k;Uirz,k;Uir3,k;uir4,k?“ir5,k] (SA2)

Ugjk=Gjk ~ Gjk Uirjok = 1M = 10

The disturbance vector for stochastic and robust design cases is defined by (SA3), where
the vector is 0 for the deterministic case.

Ok = [wlvlvk FD1a ks Dy s Org s Oy | @pg k3 Dy 3 Dyg i (SA3)
T
D)4k P25k | D30k5 P32,k5 P33k 5 P34k P35k P45 Dok Vg a)7,k]

Since each of the first five control variables in the vector uk include the negative
of the targeted levels of government spending, and each of the last 5 variables include the
negative of the targeted interest rate at each frequency, these target variables are added to
the 5 state equations for the individual frequencies of consumption and the 5 state
equations for the individual frequencies for investment. The net effect of adding and
subtracting the same variable is 0, but this allows the problem to be written in standard
LQ-regulator format. Once the optimal control has been simulated to produce the values
for ugj, « and uirj, k over each frequency range, the target level of government spending
and the interest rate, G*jx and ir*jx, will have to be added to ug j x and uir j,
respectively, in order to recover the values for government spending, G j «, and the
interest rate, irjkx, over each frequency range. However, these values are also
automatically recovered with one lag in state equations 46 — 50 and 70 — 74, respectively,
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by adding the target values to the state values of government spending and the interest
rate.
The matrix state-space equation system is now given by (SA4).

X1 = A Xy +B Uy + Dy oy (SA4)

dimx = (80, 1) dimu = (10, 1) dim o = (19, 1)
dimA = (80,80) dimB = (80,10) dimD = (80, 19)

The 80 state equations are listed as follows:

Xike1 = 011Xy ¥ X7 +001X13k +031%Xo4 k T 051 X9 k T 61 X4 k
+ 0,1 %Xegk T O31Ug1k T O41Uirak +971@11k

Xo k1= O12Xp +099Xg+002X13k + 032 X5 +052Xa0 k + 062 Xy5k
+ 042 %e8k T 932U 2k T O42Uirok T07201 9

X3 k1= 013X3k TO23%Xg +003X13k T9033%05k +053%X31 ¢ +963Xs5k
+043%Xegk T O33Ug 3k TOa3Uirak T973P13k

Xgoks1= 914Xk t024%X10k T 004X13k T 034 %07k + 054 X350k T 96,4 X45k
+ 0,4 %68k TO34Ugak T O44lirak TO74P 4

X5 k41 = O15X5 K T025%11 K+ 005X13k T O35Xog k T 955X33k T 6,5 Xa5
+0,5%egk T O935Ugsk T Oa5Uirsk T 075D 5

Xe.k+1 = SciXek T Sc,2Xssk T 5¢c,3%4k

X7 k+1= A Xyt AoaXask ¥ A21%0ak T A31Xes k t Azalirsk T Aa1 @21k

Xgk+1 = M2Xgk T Ao 2%k T A22X05 k TA32Xeg k T A3 2Uir ok T 442 @2k

Xok+1 = M 3Xok T AoaXzk T A23%06k T 433 %68k T A33Yir3k T Aa3P23k

X10.k+1 = MaXok +AoaXisk T A24 %07,k T A34 Xesk T Azalirak T Aaa @04k

X11k41 = s Xk T AosXask T 425 X8k t A3 Xeg k T A35Yirs Kk T Aas @5k

X12,k+1 = SiaX2k T S12X36k T S1,3Ps5k

X13.k+1 = %13,k

Xa k1= (T 0c ) Xuak

Xi5.+1 = 1+ 9c o k) X5k

Xi6,k+1 = (1+9c 3 4) Xi6.k

X17.k+1 = 1+ 9c 4 k) %17k
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Xgk+1 = (1+9c 5 ) X158

Xig.k+1 = (191 ) Xyg i

Xo0,k+1 = (1+ 9y 5 k) X0k

Xork+1 = (1+ 9y 3) X1

Xook+1 = A+ 9y 4 4) Xpp

Xoz,k+1 = (I 9y 5) X3k

Xoak+1 = 1+ 9G4 ) Xoa i

Xos.k+1 = (149G 2 k) X5

Xo,k+1 = (1+ 0G5 1) X6k

Xor k1 = A+ 0G4 1) X7 &

Xogk+1 = (1+ 0G5 k) Xog

X20,k+1 = PriXosk t Prileik t P21@31 k1
X30,k+1 = Pr2Xo5k T PralUg ok t P2,2@32 k1
X31k+1 = P13Xoek T Pr3Uc sk T L2333 k-1
X32,k+1 = PraXork T Pralcak T P2,4P34 k1
X33.k+1 = P15Xogk T PrsUcsk T P25P35 k1

X3a,k+1 = Sc1%X3ak T S62%X37k T 56,3%6 .k
X5 ks1 = 011X K ¥ 010Xp + O1gXg + 014Xy + 015Xgy — AXgy + 051 %Xq

5
+ Oy o Xg T OpaXg + Ty 4Xg i T Op5Xygy _21150,jX13,k + 031 %04k
J:

+ 03y Xos+ O33%Xpgk + O34 %Xo7 T O35%Xog + 051 Xpg  + 57 Xz0 g

5 5
+ 853Xk * 054Xz t O55Xazy t Z5s,jx45,k + 2154,1X68,k
5 5
+ 2‘4153,ju6,j,k Z 4,j |er + 257lejk
j= =1

X36,k+1 = 41Xkt Ao Xent AzXor t AraXiok + Ars Xk — Xk

+ Z}“ojxmk + AgiXoak ¥ Ao Xkt AasXosk t A2aXork t AasXogk
J_

5 5 5 5
Z 3 Xesk T Zlﬂz,jue,j,k + les,j“ir,j,k + Zf&kj‘"%k
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5
X37,k+1 = Xoa kT Xo5 kX5 kT Xo7 kT Xog k = 4 X3 F Zlue, ik
J:

Xsg k1= (1+0c i) Xag k

Xa9.k+1 = (19 ) Xzg

Xao,k+1 = (I+0g ) Xa0

Xpke1 = No X3k

Xagk+1 = X35kt Xzgk T X37,k T Xapk

Xazk+1 = TXa2k

5
Xag k1 = Xoa kT Xo5k+ Xoe k+ Xo7 kT Xogk — 4 Xas k ~Xagk * Zlue,j,k
J:

Xgg ko1 = Xagy + (L +1) X5,
Xagk+1 = X4k T Ug 1k

Xark+1 = X5k T Ug 2k

Xagk+1 = %26k T U 3k

Xag.k+1 = Xo7k T UG a4k

Xso,k+1 = X28k T Ug 5k

Xsik+1 = Xoak ~ Xaek T UGk
Xook+1 = Xo5k — Xa7k T Ug, 2k
Xs3k+1 = X6k ~ Xagk T UG 3k
Xoa k1 = Xo7.k ~ X9k T Ug, 4k
Xssk+1 = X28k ~ Xs0k T UG 5k
Xse,k+1 = Yo1k Xoak

Xs7.k+1 = 96,2,k X25,k

Xsgk+1 = 96,3k X26,k

Xso.k+1 = 9,4k X27,k

X60,k+1 = Y5k X28 k

Xerk+1 = (I Oper k) Xep
Xeo,k+1 = (1 + 9pepr k) X2,

Xea k+1 = (1+0s cs ) Xes k
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Xeak+1 = (It 9g 15k ) Xea
Xgs,k+1 = (1+ 95 65 k) Xes
Xee,k+1 = (1t g irs k) X6
Xe7.k+1 = SiraXe7k T Sir2Xe9,k T Sir,3®?7k

Xes k+1 = (1+ 95 ) Xeg i
5
Xeo.k+1 = 9Xegk ~4Xe7 Kk * Zluir,j,k
J:

X70,k+1 = Xegk T Yir1k
+

X71k+1 = Xegk 1 Yir2k
X72.k+1 = Xegk T Uir 3z k
X73.k+1 = Xeg,k T UYirak

X7ak+1 = Xegk T Yir 5k
X75.k+1 = Xegk — %70,k T Yir1k
X76,k+1 = Xes,k — X7,k T Yir 2.k
X77k+1 = Xesk ~ X72,k T Uir, 3k
X78.k+1 = Xegk — %73,k T Yir 4k
X79.k+1 = Xeg,k ~ %74k T Uir 5k

Xg0,k+1 = *X69,k

SA.4 Transformed Deterministic Regulator Design

Consider the deterministic LQ regulator problem where the disturbance vector is
zero, or ax = 0, or alternatively, where the disturbance coefficient vector is Dx = 0. After
rewriting expression (4) based on the state space system in (SA4), the objective is to
minimize the performance index

K
muin JU) = X1 Qf X + O, [kaQkxk + ul R U, } (SA5)
k=1
subject to
X =Agx, +Bou, 5 x(1) = x4 (SA6)

where the size of the penalty weighting matrices are
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dim Q¢ = (80,80) dimQ« = (80,80) dimRk = (10, 10)

The solution to the LQ regulator problem is found by first computing the
recursive equations (SA7) and (SA8) offline in retrograde time.

_(BTP, .B. +R.) BTP .A SA7
_(kk+1k+k)kk+1k (SAT)

T . _
Qp + Ay Pk+1(Ak - Bka)' Pra=0Qy (SA8)

Fy
By
These recursive equations are much simpler to compute than the longer recursive
equations employed by Chow (1975), Kendrick (1981), and others that arise when

solving the LQ-tracking problem. Using the values computed in (SA7) and (SA8), the
unique optimal feedback control policy is computed in forward time by

udrimal - _F x, (SA9)
The optimal closed-loop state trajectory is given by
Xpe1= (g = ByFg) %, x(1) = x, (SA10)

The control equations in (SA7) and (SA8) are the same for the stochastic LQG
form of the model with perfect state information. The state variable trajectory, however,
would be calculated by equation (SA4), rather than (SA10). The control vector in
equation (SA9) would then be computed by using equations (SA7) and (SA4).

SA.5 Model Simulation Parameters

The penalty parameter coefficients for the performance index tracking errors in
equation (4) are given in Table SA5 under each of the three policy emphasis scenarios.
The simulations define the initial values for the state variables in period 1 to correspond
to the Euro area quarterly data in 2014, quarter 3, measured in billions of euros. Net
exports are set at a constant value of no = 108.57. The stock of government debt is set at
DEBTo = 8,192.9902, which is 92.1% of the initial real GDP value of Yo= 2,220.4352.
Since the Euro area member states had an average budget deficit of 3% of output, the
initial budget deficit is set at DEFo = 66.61306. Given the initial government spending
value of Go= 466.745, the government spending minus the deficit yields an initial value
for net taxes of To = 400.13204. This amount is 18% of total output, so the net tax rate is
set at m = 0.18. The quarterly interest rate on the debt is set at igo = .005, which is 2%
per year. In equation (10), the weight for the current level of government purchases in
the expectation formation equation is set at ¢ = 0.90 and the parameter weight for the
adjustment for the national debt differential in the expectation is set at 7k = 0.0005 for all
frequency ranges in all periods.
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Table SA5
Performance Index Coefficients
Emphasis Emphasis
Dual | Fiscal [Monetary Dual Fiscal Monetary

g 2.0 2.0 20| 19 4 = 0.2 0.2 0.2
g, ¢ = 2.0 2.0 20| |97, 0.2 0.2 0.2
g; « = 0.2 0.2 02| |q 7, 0.2 0.2 0.2
g, ¢ = 0.2 0.2 02| |q 7 = 0.2 0.2 0.2
Qa1.f = 1.0 1.0 10[ |q 5, = 0.2 0.2 0.2
Q321 = 4.0 4.0 40| 19 g 20.0 20.0 160.0
0331 = 16.0 16.0 160[ 199,k = 1,000,000,000,000 | 100,000,000,000,000 1,000,000,000,000
034, = 16.0 16.0 16.0[ |9 10,1,k 10,000,000,000,000 10,000,000,000,000 10,000,000,000,000
Qa5 ¢ =| 10 1.0 1.0{ |9 10,2« 10,000,000,000,000 | 10,000,000,000,000 | 10,000,000,000,000
031,k = 0.1 0.1 0.1 19 10, 3 k 10,000,000,000,000 10,000,000,000,000 10,000,000,000,000
032k =| 04 0.4 04] |9 10,4k 10,000,000,000,000 | 10,000,000,000,000 | 10,000,000,000,000
033k = 1.6 1.6 16| 10 10,5,k = | 10,000,000,000,000 10,000,000,000,000 10,000,000,000,000
O34« =| 16 16 16l [k = 100,000,000,000 | 100,000,000,000,000 100,000,000,000
qi3s, 01f 01 01f |9 s = 2.0 2.0 2.0
Q411 =| 10 1.0 1.0[ |9 s = 2.0 2.0 2.0
qa42, 40| 40 40[ 19 s 0.2 0.2 0.2
qa43, 16.0] 16.0 16.0| |g 0.2 0.2 0.2
qa4a4, 16.0] 16.0 16.0| |g g, = 0.2 0.2 0.2
qas5,¢ = 1.0 1.0 1.0{ |9 s = 100,000,000 100,000,000 100,000,000
qa41, 0.1 0.1 01| |re 10.0 10.0 10.0
Qa2 = 0.4 0.4 04| g, 10.0 10.0 10.0
Qaszk = 16 16 16| |r g 20.0 20.0 20.0
Qasx =| 16 16 16| |r g, 20.0 20.0 20.0
Qa5 =| 01 0.1 01| |rg, 10.0 10.0 10.0

rir 100,000 100,000 100,000

i, 100,000 100,000 100,000

M 200,000 200,000 200,000

M 200,000 200,000 200,000

i, 200,000 200,000 200,000
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